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FORCE FREE MAGNETIC FIELDS
AND SOLAR ACTIVITY

• I. INTRODUCTION

The key phenomenon of solar ac tivity is the solar  f l a r e , and it

is generally agreed that the energy released in a solar flare is

derived from magnetic energy (Swee t , i )6~ ) . The structure of magnetic-

f ie ld conf igura t ions in the solar a tmosphere is therefore essential

for unders tanding solar ac t iv ity in general  and solar  f l a r e s  in

particular. One meaningful way to approach the problem of flare

pred iction is to develop methods for determining magnetic-field

configurations in active regions and to find pr oced ures for  pred ic t ing

the evolution of these configurations . Since the press ure of the

coronal plasma is less than the magnetic stress in active regions ,

the magnetic field in solar active regions typicall y comprises one

of two configurations . One of these is the “force-free ” state

(Sch m id t , l’~Ey~~, and the other is the “current sheet” . It is widely

believed that the current sheet plays a key role in the flare process

since the “Petschek mechanism” (Pe tschek , l 6~~ cons titutes a rapid

mode for the release of free magnetic energy . Our studies of solar

f l a r e s  “Barnes and Sturrock , l972~ indicate that the transformation

of a force-free configuration into a current-sheet configuration may i—-- ’ - - • . —

be a key s tep in the overall  f l a r e  pr ocess.
- - . 3 -

More recent work by Sp icer (1~~ f ) leads to a f l a r e  model in wh ich 
.4

the free magnetic energy is the  excess energy of a force-free field  
-

conf iguration. In the Sp icer model , rap id ~~ergy release becomes

poss ible through a resistive—type instabi lity, comparable with the ~~~~

I L~i~
1i~~~~ T L ~~~ ~~~~~~~ 
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“ tea r ing -mode  i n s t a b i l i ty ” “ Fu r t h , K i l l e e n  and R o s e n b i u t h , 1 (“~~ wh ich

leads to rapid  energy re lease  from c u r r e n t  s h e e t s .

For the above reasons , i t  is e s s e n t i a l  that one be able to

compute force-free m a g n e t i c - f i e l d  structures if one is to make detailed

ana lysis  of magnetic—field changes which lead to solar flares. This

is true either for a short-term goal  or a long-term goa l .  The short-

term goal is simp ly tha t of develop ing magnetic-field models which

are s imp le enoug h for detailed stud y, but which bear some relation to

m a g n e t i c - f i e l d  patterns likel y to arise in the sun ’ s atmosphere . The

long-term goal is that of computing magnetic-field structures in the

sun ’s a tmosphere  based on stud y of the observed ma-4netic-fie ld con-

f i g u r a t i o n  of the photosp here and the p ho to sp hi r i c  v e l o c i t y  field .

The latter involves the calculation of force-free magnetic-field

confi gurat~ ons in three dimensions which is beyond the capability

~ f the compute r  now available to us. For this reason , ~~ have limited —

our scope to the stndv of model force-free -‘,iaL -1~ ic—field configurations

in t~~() d i m e n s i o n s .

11 . SihClfl C (iI. ~ T 3

‘ ir  f i r s t  ~oal was t h a t  of devel ,~ni n~ c~m i n t - t a t i o n al  p r l l c e d l i r e

(o r  the  c a l c ul a t i o n  of f o r c e - f r e e  m a .~n c t i c - f t e l d  c o n f i g u r a t i o n s .  l h c

re le v a n t  eq u a t i o n  i s

and

t. 2
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so that equation (2.1) may be rewritten as

• ~~ x ( V x~~~) = O  • (2.3)

It fol lows from th i s  euqa t ion  tha t

(2 . 1~)

where ~ (~
‘ ) is a scalar function of position . However , on opera ting on

both sides of t h i s  equa t ion  wi th the gradien t opera tor and no ting tha t

(2.5)

we f i nd tha t

. V -t = 3  (2 .6)

so t ha t  ~ is a c o n s t a n t  along any f i e l d  line . In general , however ,

~ w ill vary from one field line to the next.

If one considers the restricted class of force-free magnetic-field

conf igurations for which t = const., the govern ing  equa t ion  (~~.l 4 )  is a

l inear  e q u a t i o n .  This  is a g rea t  s imp l i f i c a t i o n  in comput ing  f i e l d

conf igura tions and it is one wh ich has been used ex tensive ly in the

inves t iga t ion  of f o r c e - f r e e  f i e ld s . However , ther.e is no a pr ior i
p

reason to expect that a real magnetic-field conf?gura tion occ urr ing in

the sun ’s atmosphere w i ll have ~t constant. For instance , if we

consider the magnetic-field configuration produced by a local ized

current distribution , we may expect that it will vary with distance

L asymptoticall y as a power law :

~ L t
~ . (;- . ‘~~

A ~~~~~~~~~~~~~~~~~ ~~- - .- . . ‘- ‘ . , ,.. -
~
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Th is me ans th a t

(v X B) L n l  (2. — )

so that

-

‘ 

kt L 1 
. (2 . 9)

It can , in fact, be shown that a magnetic-field configuration constrained

to have 7.t = constant over an infinite volume will have infinite energy

(Anzer , 1976).

The procedure which we have developed at Stanford for the study

of force-free magnetic-field configurations , without the restriction

= cons tan t , is based on the represen ta tion

B = V~ X V~ (2.1 I )

which follows from equation (2.5). One readily ver ifies tha t

B . V~~ = 2 , B . v e = 0 , (2.11)

so tha t  both ~ and B are cons tan t  along any f i e ld  l ine . Hence we see

~i. also t h a t

p 
~~ x B~ . = ~ , (V X B~ . = ) , ( “ .1~ - ’l

wh ich may be rewr itten as

Vr~ . r V x (v~ x V ~~ J = 0

(2 .l~-~

if

I
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These may be exp ressed in diadic nota t ion  as follow s

/~~~)
2 V2~ - V~V~ :VV~ - (V~ .V~~)V

2
~ + V~V~ :VVb = 0 (2.15)

- (~~~~7~~ V
2
~ + V~ V~~:V~~ + (V Y V

2
~ - V~ V~~: VV~ = 0 . (2. 16

These equations are in fac t suitable for numerical calculation by

the relaxa tion procedure . This is equivalent to determining whether ,

for a given assumed field configuration , j >< vanishes at a particular

point and , if it does not , allow ing the field line to adjust itself

to make j ~~ B = -J local ly.

The pr inc ipal a im of th is research program has bee n to study models

of force-free magnetic-field configurations using the representation

(2.l~~
) and the relaxation procedure for numerical computation.

III .  RESULTS

In order to make the models s u f f i c i e n t ly simp le to c a l c u l a t e ,

i t  is e s sen t i a l  to in t roduce some kind of symmetry . It is poss ib le

to develop f i e l d  models us ing  t r a n s l a t i o n a l  symmetry in terms of

a rec tang u lar coord ina te sys tem , as was done some years ago (Sturrock

and Woodbury , ~~~~~~ However , such f i e ld  p a t t e r n s  can never e rupt  to

form current sheets since an open field pattern based on a line dipole
p 

has infinite energy per unit length. It is therefore essential to go

to a more realistic geometry such as cy lindrical geometry or spher i ca l  —

ge ome t ry .

When force-free field patter ns of cy lindr ical symmetry were first

inve s tiga ted ‘Barnes ana Sturrock , l~~’2 ’) , we found tha t  the to t a l

energy in the magnetic field configuration increases progressive ly—

~~~~~~ ‘~~~~~-T- — • • ~~~~~~~~~~~~~~~~~r -.... * # - . - ’: .  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
,•

~~~~~~~~~~~~~~~~~~~~~~~
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with angle of shear , and tha t , for  shear angles above some critical

value (about 17), the energy in the magnetic field exceeds the energy

of the corresponding open-field configuration . Th is then led to the

important possibility that a force-free magnetic-field configuration

might , if sufficientl y stressed , become unstable against an “eruptive

instability ” wh ich develops the f ield pattern into an open configuration

involving a current sheet. This current sheet could then provide

fu r ther energy release by field-line reconnection (Petschek , 1 ~1.L, ),

which is the probable mechanism for energy release in solar flares.

One of the main aims of this research program has been to further

investigate model force-free magnetic-field patterns , extend ing the

geometry to the more realistic spherical geometry . It Was important

to determine whether the energy property just mentioned is common to

all forc e-free configurations or whether it app l ies onl y to some

special class of such configurations.

We faced a num ber of problems in pursuing this aim. One real

handicap was the limited capability of the Stanford computer which

made it necessary to work with a much coarser mesh than is desirable.

Another difficult y was that of obtaining convergence of the relaxation

proced ure . It is essential to introduce a “relaxation parameter ” \.

defined by

(n~B = (I — \~ B - + \ B (~~.l) 
—

est.

wh ere ~~~~ is the f i e l d  pattern obtained by the n ’ th iteration and

is the f i e ld  pattern indicated by “full” relaxation , adjusti ng

each mesh point in turn ‘or in blocks ) to satisf y the equations .15

6

• - ~~~~~~ ~~\ - ‘~~ a . a 4-- . -  .. .., .,~. a. a,...i’ •.~ ~ is .~~. 5 ., . “ - ‘.

- _,____s_ __ . —— ~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~ — —



‘r~~ ~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~~ •~~~~~~~ ‘—, • ,. ~~~~~~~~~~ —

and (2.lt.). As the field became progressive ly more stressed , it was

necessary to use a smal ler  and smaller  value of X to insure  convergence.

Unfortunately ,  this means that the convergence became slower and slower.

Since there were no simp le analytical models , based on spher ical

geometry , aga ins t wh ich to tes t our code , a minor error pers is ted in

the code for some t ime.

An example of our calculation of force-free field configurations ,

ba sed on a sphe ric al boundary , is show n in Figures 3.1 - 3.3. It

is assumed t ha t  the f i e ld  pa t te rn  has cy lindrical  symmetry above the

axis of the spherical coordinate system and this leads to the repre-

senta tion (2.11) for which ~ = ~ (r,B) and

= - ‘y(r , e )  . (3.2)

Contours of constant ~ give the field lines themselves , since ~ is a

measure of magnetic flux enclosed in a circle with constant values of

r and ~~~. Contours of constant ~ give the shear angle of the field

line . In fac t , it was convenient to use log r rather than r as the

radial  var iable . This leads to a mesh which is finer in the high-f ield

regions and coarser in the weak-f ie ld  regions . It was assume d tha t  ~

and v are prescribed along the sur face  of the sphere .

An add i t iona l  d i f f i c u l t y  in our ca lcu la t ions  concerned the choice

of outer boundary . (In principal , we would have wished that we could

dispense w i t h  an outer boundary and extend the f i e ld  pa t te rn  to i n f i n ity .~

It was , however , convenient to introduce an outer boundary which was

perfe ctl y conducting. Field lines can therefore not penetrate the

l i m i t s  of the  c o m p u t a t i o n a l  mesh ,  if the  ou t e r  r ad ius  of the  sys tem

7
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cou ld  be chosen large enoug h , one could hope that  the conduct ing  boundary

would appear  to the f i e ld  to be ly ing  at i n f i n i t y .  Then the exact  form

of boundary condi t ions  chosen for the outer  spher ica l  boundary would not

be i m p o r t a n t .

We found , however , tha t  as the f i e l d  shear was increased , a point

was reached at which the f i e lds  seemed to bi l low out rap idl y (as a f u n c t i o n  
-

‘

of rate of increase of shear , not time) and to press against the outer

boundary . This readily occurred even though the outer boundary was

plac ed as far out as 700 surface radii. In comparing the energy stored

in the fields , under various conditions of shear , with the energy stored

in a comple te l y open f i e l d  c o n f i g u r a t i o n  ( cu r r en t  f r ee , except for  a

current sheet region), it was observed tha t , as the shear •s increased ,

inc reasing the stored energy in the system , the lines billowed out before

the stored energy reached the equivalent open field energy . Th is imp lies

that there is a smooth transition between closed and open field config-

urations in the spherical model , with no build-up of excess stored energy

as shear increases. Figures 3.1 - 3.3 show some typ ical field config- -

‘

urations for surface shear angles of 2.6, ~ and 2~ radia ns , respective ly.
p

The boundaries are at e = 2 and i-r/2 and R /R ,1 I and 180 . The boundary

at R/R 1 = l~E30 is taken to be open 
(approxima ted by a l l owing f i e ld  lines

to pass through the boundary with the condition that they be straight

there). The equatorial boundary “B = 11/fl ) is taken to be conducting ,

as if a mirror image existed in the southern hemisphere . One can see

in Figure 2 .1 -‘maximum shear .6 radians ) that the field lines bulge

outward to a fairly large rad iu s , but do not seem to sense the presence

of the outer boundary ‘the field configuration for this shear angle

t.

~~~~~~~ 
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is observed to be the same for both open and closed outer  b o u n d a r i e s ) .

Fi gure 3.2 show s the f i e l d s  for  a shear of ‘mm r adians . Here , the f i e l d s

extend beyond the boundary . Then , in Figure  3.3 (shear = 211 radians),

the fields extend outward even further. The total stored energy

increases onl y slow ly w i t h  increas ing shear , appear ing  to approach

asymptotically the open field value .

Similar calculations on systems which include the southern

hemispher e as well show only qual itative differences , mainly th at the

f i e l d s  extend dow nwards i n to  the  s o u t h e r n  hemisphere . The ou tward

- 
- bulging characteristic remains the same however.

The important comparison , for  our purposes , is shown in Figure 3.1$

in which  the energy of the magne t i c  f i e ld  is p lo t ted  as a f u n c t i o n  of

shear  angle  
~~ 

the maximum value of ~~~ One of the most important

results of our program was the discovery that , with spher ical geometry ,

the behavior is quite different from that which we previousl y found

with cylindrical geometry . Whereas , with cy lindrical geometry , the

total energy rose above the value for the corresponding open-field

configuration , th is was no t the case f or sp her ical  geometry : as the

shear inc reased progress ivel y ,  the magnetic-field energy increased

but approached the energy of the open-field configuration asympoticall y,

while in our earlier work with the cy l indr ical model , the f ield ene rgy

con tinued increas ing linearl y past the open field energy .

We spent some time and energy with the aim of determining whether

th is effect is real or whether it was due to some diffe rence in

boundary conditior.s, erro r in one of the programs , etc . In order to

help resolve these questions , we decided to simulate the cy l indr ical

9
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model by means of the spher ica l  code . This could be done by considering

a r ing  d ipo le  very close to one of the poles of the sphere .  This model

substantiall y reproduced the r esu l t s  of the ea r l ie r  cy l indr i ca l  calcu-

lations.

This test indicated that there are qualitative differences between

the cylindrical and spherical models. Figures 3.5 - 3.~ sh ow resul ts

from these runs. The R and Z boundaries are conducting inmax max

Figures 3.5 - 3.6; the shear ang les are 11 and 711 respec tively. In

Figure 3 . 5,  the outermost field lines are “flat tened” agains t the

boundaries , particularly the R ax boundary . Th is e f fec t is even more

pronounced in Figure  3.6 , where the fields are s t rong ly i n f l uenced  by

the outer boundaries.

Figure 3.7 shows the shear 211 case with the two outer boundaries

• opened up. The run associated with this figure was slow to converge ,

requiring a small relaxation parameter for stability. It is possible

t ha t  f u r t h e r  i t e r a t i o n  would see the l ines open up f ur ther , al tho ugh

we fee l  the c o n f i g u r a t i o n  show n is near  the f i n a l  va lue . Note tha t

the fields open outwards only about ten times the radius of the neutral

shear r a d i u s .  This  is in marked c o n t r a s t  to the sp he r i ca l  case , where

they extended out several hundred time s the scale of the neutral shear

l ine rad ius . The energy stored in the f i e l d s  f e l l  somewhat when the

boundar ies wer e ope ned ‘for  the shear of F igure 3 .7, it was greater than

the comp letely open f i e l d  energy ’~. We cannot  say whe the r  t h i s  is because

-‘ an appreciable amount of energy was ca r r i ed  across the boundar ies  when

the l ines opened up ,  or because the more open s t a t e  is s impl y a s t a t e  of

si g n i f i c a n t ly lower energy . Certai : ly ,  the energy versus  shear curve

-4 a ,.. ~ ,. . , .~~~~~~ .- ‘ .~~~. • ~ . .~~, , - - ~~~~~~~~~~ ~~~ .. * ~~~ • ‘ ‘c~
____ ______ ____ A
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wi th  conduct ing boundaries increases a lmost l inear ly past  the comp le te ly

open f i e ld  value , in agreement wi th  our ear l ier  r e su l t  (1)72) .  Figure 3.8

shows the f ie ld  conf igura t ion  when the l ines are complete l y open.

This s imulat ion of the earl ier  c y l i n d r i c a l  code w i t h  the spher ica l

model indicates that  there is a physical  d i f f e r e n c e  between the two

resu l t s  and tha t  there are apparent ly two types of f o rce - f r ee  f i e ld

conf igura t ions:

Type I . For a given magnet ic  flux distribution on the bounding surface ,

as the shear increases , the stored energy increases but  approaches , as

a l imi t ing  value , the energy of the corresponding open-f ie ld  c o n f i g u r a t i o n.

Type 2. For given magnet ic  f l ux  d i s t r i bu t ion  on the bounding surface ,

the stored energy increases i nde f in i t e ly as the amount of shear increases.

In pa r t i cu l a r , a f t e r  a f i n i t e  amount of shear , the stored energy exceeds

the energy of the corresponding open-f ie ld  conf igura t ion.

Nevertheless , i t  must  be emphasized tha t  we have only a presump t ive

case for  this c l ass i f i ca t ion: it w i l l  be essent ia l  to inves tiga te

a wider range of models and , even more impor tant , to p in down the

precise e f f e c t  of the ou te r -  boundary cond i t ion , before th i s  c lass i f i -

cation can be considered to be established. It remains at this time

a p o s s i b i l i t y  tha t  the apparent  c l a s s i f i c a t i on  is an a r t i f a c t  of

sub t l e  d i f f e r e n c e s  in boundary condi t ions  used for d i f f e r e n t  models.

The models of cy l indr ical  topology which we have cons idered

belong to Type 2. The earl y models of spher ical  geometry , which we

have ca lcu la ted  as part  of th is  program , belong to Type 1. However ,

when we used the spherical geome try but compressed the field configu-

ration to a small region around one of the poles , the behavior corre-

sponded to t ha t  of Type 2.

‘-‘I 11
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IV. DISCUSSION

We have found that  it is possible to compute force- f ree  f i e ld

conf igura t ions  wi thout  making the restr ic t ive assumption (adopted in

most other work ) tha t  ~ = constant. However, the convergence can

become very slow if the magnet ic  f i e ld  is high ly stressed , and i t  is

clearly desirable to try to find some procedures to speed up convergence.

• It also would be high ly advantageous to pursue these calculat ions wi th

a more powerful computer.

The most important result of this program is the indication that

force-free magnetic-field configurations may be divided into two

types , defined at the end of Section I I I .  The evolution of force-f ree

fields of Type 1 would probably not lead to a solar flare. As the

stress increases progressively, the field expands and approaches

asympotically the open s ta te . Since th is  open conf igura t ion  builds

up slowly , it seems unlikely that major reconnection would occur . It

seems more likely that  the f ield topology would develop into a geometry

with a thick current  sheet which is fa i r ly stable , such as exists in a

• coronal streamer. However , it is always possible that a cer tain

disturbance (such as a shock wave ) might trigger an instability even

in such a current sheet.

By contrast , force-free fields of Type 2 are highl y important for

the flare problem. They indicate the following sequence of events in

an active region leading to a flare : a subphotospheric twisted flux

— 

‘ 
tube erupts  to give a bipolar f i e ld  configuration in an active region.

Since it is energetically favorable for the twist to propagate from

below the photosphere (where the field is strong) to above the photosphere

t 12



(where it is weaker), this will occur , leading to progressive twisting

of the force-free field configuration in the atmosphere above the

active region. When the field is sufficiently stressed , it contains

more energy than does the corresponding open-field configuration. It

is therefore either unstable or metastable . The fact that the

relaxation calculation is stable (although only marginally so) indicates

- • that such a field configuration is physically stable against small

perturbations . It must therefore be metastable , that is, unstable

against finite perturbations. A finite perturbation would therefore

trigger an eruptive instability converting the closed force-free

configuration into the corresponding open-field configuration with a

current sheet. The magnetic-field reconnection can occur immediately

in this current sheet leading to a solar flare.

To sum up, it seems that the evolution of a force-free field of

Type I would probably not lead to a flare , whereas the evolution of

force-free fields of Type 2 would almost certainly lead to a flare.

It is important to pursue the indication of the existence of two

types of force-free field. A wider range of models should be calculated ,

on a more powerful computer , either removing the outer boundary to very

large distances , or finding a method which does not require an outer
I,

boundary . For instance , it might be possible to replace the radial

variable by h r .  However, in this case , it will be essential to study

asymptotic forms of force-free magnetic-field configurations to insure

that we can properly handle the behavior of the magnetic field in the

neighborhood of the singularity l/r = 0.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~
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This program demonstrates that one can study the properties of

force-free magnetic fields without making the restrictive assumption

that ~ = constant. It also ind icates the existence of an important

- classification of force-free fields, if this classification is valid ,

it will have an important bearing on flare theory and flare prediction .

- • For instance , one might be able to determine criteria which would enable

one to categorize the field produced by an active region as belonging

either to Type 1 or Type 2. This would then indicate whether the

- - flare region is or is not likely to produce a flare .
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FIGURE CAPTIONS

Figure 3.1. Field conf igura t ion  for a spher ica l  case wi th  a conduct ing

equator .  The neu t ra l  shear point occurs at abou t 650 
N.

l a t i t ude . The radial coordinate  is logar i thmic  and extends

to 180 surface radii .  Max imum shear for  th is  case is 2.6

rad ians.

Figure 3.2. The same as Figure 3.1 with maximum shear i’m radians.

Figure 3.3. The same as Figure 3.2 w i t h  maximum shear 211 radians .

Fi gure 3.)4. Curve of stored energy vs maximum shear ang le for  the case

of Fi gures 3.1 - 3.3. Shown also is the approximate value

of the stored energy of the comp letely open f i e ld  config-

‘1

Figure 3.5. Field conf igura t ion  for  a case in which the computat ional

reg ion is res t r ic ted  to be near the pole , s imula t ing  the

earlier cylindrical model. The system is nearly “ square ”

(that is a cylinder with radius equal to length ) with the

neu t r a l  shear point  occurr ing at about 1/7 of the outer

radius .  Maximum shear for  th is  case is 11 radians.

Figure 3.6. The same as Figu re 3.5 with maximum shear 211 radians .

Figure 3.7. The same as Figure 3.6 wi th  the Z and R boundaries
max max

opened to allow f i e ld  pene t r a t i on .

Figure ‘3. i. The same c o n f i g u r a t i o n  as Figure  ~.5 wi th comp le tel y ope n

16
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field lines. Here the pattern is current free except along

- 
a 

the contour beginning at the neutral shear point , where a

current sheet exists.
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